We try to demonstrate in this article that, for quasi-incompressible flows, the standard symmetric formulation of pressure gradient in smoothed particle hydrodynamics (SPH) is not necessarily superior to asymmetric ones. Comparative simulations on plane Poiseuille flows at very low Reynolds numbers show that the results using symmetric formulation are more dependent on the computational sound speed chosen, and display a larger error at the same sound speed. Our asymmetric formulation is also less sensitive to both the decrease in the smoothing length and the increase in the sound speed in simulating flows past a periodic lattice of cylinders. A preliminary explanation of the difference between symmetric and asymmetric formulations and a possible way to develop a better symmetric formulation based on our formulation are also discussed.
Introduction
Smoothed particle hydrodynamics [1] [2] [3] (SPH) is now a popular particle method for solving a variety of problems in fluid dynamics. The basic idea of SPH is to discretize the fluid into disordered particles carrying mass m, velocity v, density ρ, and other fluid properties depending on the given problem. All these variables are expressed as weighted averages of their values for a set of neighboring particles using a kernel function with smoothing length h. That is, for any variable e on particle a 
where
with r denotes particle position and b denotes a certain neighbor of a. The kernel usually takes the form
where σ is the number of dimensions. Accordingly, the derivatives of e at particle a can be obtained by differentiating the kernel. For instance, if we want the gradient of e at particle a, we shall use 
In this way, the equations governing the evolution of fluids can be expressed in quantities that are summations involving the kernel or its derivatives. SPH was originally developed to simulate inviscid compressible flows in astrophysics and was later extended to simulate incompressible flows [4] [5] [6] [7] [8] [9] [10] . For example, the Navier-Stokes equations for viscous incompressible fluids can be written as [5] :
where µ a , p a , and F a are the dynamic viscosity, pressure and body force on unit mass at particle a, respectively. Despite significant modifications to the original formalism of SPH, the standard symmetric expression for the pressure gradient term remains prevailing [4] [5] [6] [7] [8] [9] [10] . Although it may be reasonable in terms of momentum conservation, there is no guarantee that its accuracy will always be better than an asymmetric expression. In fact, our study has shown that, for incompressible flows, asymmetric expressions may outperform the symmetric ones, and the reason is inherent to the SPH method and the distinct nature of incompressible flows as compared with compressible flows.
Analysis
Quasi-incompressible state equations are widely used in SPH to model incompressible flow as a slightly compressible one. For both compressible and incompressible SPH formalisms, as shown in Eq. (4), the pressure gradient term is usually expressed as
If the fluid is usually barotropic, as in [5, 9] , p is related to ρ through the isothermal sound speed c by
which means
Returning to the continuum form, it writes
Apparently, the second term on the right-hand side (RHS) of Eq. (8) is zero, and accordingly, the term in the second parenthesis on the RHS of Eq. (7), denoted as B, is zero in theory. However, because very limited particles are involved in the summation and the numerical error exists all the time, its value is by no means zero in any practical simulations. Therefore, despite the momentum conservation it ensures for Eq. (7), the question remains on whether this term can compensate rather than add to the numerical error of the term in the first parenthesis (denoted as A).
Since incompressible flows are treated as slightly compressible flows in SPH models [4, 5] , where the density variation is limited to 3% at most, the magnitudes of A and B may become comparable. That is, the question may turn to be a critical issue. This speculation is made apparent in the following comparative simulation on plane Poiseuille flow (see part 3.1).
On the other hand, if B is dropped, Eq. (7) becomes
For quasi-incompressible flow, as the density difference between particles (especially between interactive neighboring particles) is vanishing, we have
and the pressure gradient can, therefore, be approximated by another symmetric formulation, i.e.,
The term in the parenthesis on the RHS, accordingly, are denoted as A . Now, the pressure gradient force exerted on particle a exerted by particle b, P ab , can be written as
which is strictly anti-symmetric, i.e.,
With this new symmetric expression, Eq. (4) can be modified as
We now go on to compare these three different formulations of SPH in simulating typical flows, which correspond to the standard symmetric form of Eq. (7), our asymmetric form of Eq. (9) and our new symmetric form of Eq. (11), respectively. For simplicity, the formulations are denoted as, SSPH, ASPH and NSPH in this order.
Comparative simulations
The artificial sound speed c in Eq. (6) deserves careful selection for incompressible SPH. It should be large enough for the fluid to be sufficiently "incompressible", yet not too large to keep reasonable time step [5] . Monaghan [4] and Morris et al. [5] have suggested some useful guidelines for the choice of c, but so far, it is not yet possible to find theoretically the best c for a specific simulation quantitatively. In fact, an essential problem is that viscoelastic effects are usually more pronounced for higher c, which may cause severe deterioration of accuracy and stability. From a physical point of view, the fluid modeled by SPH is non-Newtonian in nature [11] and its flow behavior is more sensitive to c (or the Mach number) than the real fluid it tries to simulate. Therefore, it makes little sense to evaluate the performance of an SPH formulation with the optimum results fitted by c, because for another simulation, this c may result in a bad performance and the best c may be a quite different value. A more meaningful criterion may be whether we can find a certain range of c that is relatively less influential on flow behavior, and the performance of the formulation is generally favorable within this range.
On the other hand, the computational cost of SPH, which is notably higher than traditional finite element or finite difference methods, scales sharply with the interactive range between the particles which is usually several times the smoothing length of the kernel (h), especially in high dimensions. Therefore, the accuracy of the formulation for short interactive range is another important measure of its performance. In terms of these two aspects, some classic benchmark problems are taken to compare the actual performances of the three formulations. Except for the pressure gradient term, our SPH formalism and simulation details strictly follow those of Morris et al. [5] . For clarity, we repeat the main points here: Particle density is set to a reference value and evolved according to
where for any b, m b = m. The dynamic pressure is defined as
and the gradient of the hydrostatic pressure p h is substituted by a body force F, i.e.,
The no-slip boundary condition is achieved by setting image velocities to boundary particles. The relative velocities between boundary particles and the neighboring fluid particles are calculated as in Eqs. (14) and (15) of Morris et al. [5] . The quintic spline
(here normalized for two dimensions), where s = r/ h, is used for the kernel.
Plane Poiseuille flow
As shown in Fig. 1 , laminar flow between two infinitely long parallel plates (at x = 0 and x = W ) under axial body force (F), the Plane Poiseuille flow, is a popular test case for its well-known analytical solution. In theory, the flow is invariable in the direction of F, so only a section of the flow field between y = 0 and y = H is simulated with the periodic boundary condition applied in this direction. As a result, the p d , and hence ρ, is uniform throughout the flow field, so the values of A and B (both should be zero in theory) measured from the simulations are purely numerical errors, which can facilitate our exploration on whether these errors will accumulate or cancel out each other.
Our simulation begins with a case where W = 10 −3 m, H = 3.6 × 10 −4 m, F = 10 −4 m s −2 , ν = 10 −6 m 2 s −1 , ρ = 10 3 kg m −3 , c 2 = 10 −7 m 2 s −2 . It results in a peak fluid velocity of V max = 1.25 × 10 −5 m s −1 and a Reynolds number Re = 1.25 × 10 −2 , defined as
The particles are arranged on a hexagonal lattice with a nearest neighbor distance d = 2 × 10 −5 m. Then, with h = 1.5d and a time step of 10 −4 s, they start from rest and reach the steady state after approximately 5000 steps. To investigate long-term behavior, the simulation is continued to 2 million steps. The developed Euler-velocity fields are obtained for the two comparative simulations with SSPH and ASPH, respectively. The flow velocities are sampled on a 50 by 18 grid in the SPH style using Eqs. (1) and (18), but with a shorter smoothing length of 1d, in line with that of Morris et al. [5] . The results are almost identical: both are about 3% higher than the analytical solution in terms of peak velocity, as showed in Fig. 2 . But according to the simulated arithmetic mean velocities over all moving particles, as plotted in Fig. 3 , with c 2 ranging from 10 −7 m 2 s −2 to 5 × 10 −5 m 2 s −2 , the results from ASPH are much less sensitive to c 2 than those from SSPH, though variations also set in when c 2 increases higher. = 2 × 10 −5 m 2 s −2 , which is denoted by the subscripts 'ym'. We find that the fluctuation amplitude of A ym for SSPH is nearly the same as that for ASPH and the fluctuation of (A + B) ym almost doubles this amplitude. This is quantitatively confirmed by the standard deviations of A ym for ASPH and (A + B) ym for SSPH, which turn out to be 0.494 × 10 −1 kg s −1 and 1.024 × 10 −1 kg s −1 , respectively. That means the presence of B in SSPH, whose value is found to be comparable to A, cannot compensate but double the numerical error of A. Similar results are obtained from cases under other values of c 2 , which are not plotted for simplicity. As shown in Fig. 4(b) , the amplitude of the fluctuation of (A + B) ym varies little when c 2 changes. However, as the error introduced to SSPH scales with c 2 (A+B) ym , the stability of the symmetric formulation deteriorates with increasing c 2 which corresponds to a more and more incompressible fluid, as shown in Fig. 3 . On the contrary, the transient average velocities for NSPH under the aforementioned c 2 values, almost identical to those from ASPH, are much more stable as shown in Fig. 3(c) . This can be well explained by Fig. 4(c) , in which the values of A ym for ASPH and A ym for NSPH seem very close to each other.
As a reflection of the momentum conservation properties for each formulation, the averages of the x-component over all moving particles for A in ASPH, A + B in SSPH and A in NSPH are compared. Since no external force is acting on this direction, the theoretical value is zero. When c 2 = 10 −7 m 2 s −2 , the results shown in Fig. 5 indicate no significant difference among these formulations, though in principle, machine accuracy can be achieved in SSPH and NSPH, whereas the accuracy of ASPH is subject to numerical errors.
Flow past a periodic lattice of cylinders
The simulations on Poiseuille flow suggest that the term B in SSPH enlarges the numerical error, and the errors of both ASPH and NSPH are less sensitive to c 2 . But a more practical test case involving variable dynamic pressure is required. With comparison to a finite element method (FEM), Morris et al. [5] have simulated the flow past a periodic lattice of cylinders using SSPH. Now we simulate the case in Section 3.3.1 of their article [5] under different values of h and c 2 , using the three formulations respectively. The flow field is set up as in Fig. 6 , where L = 0.1 m, a = 2 × 10 −2 m, F = 1.5 × 10 −7 m s −2 , ν = 10 −6 m 2 s −1 , d = 2 × 10 −3 m.
The simulations start from rest and reach the steady state after approximately 1500 steps, and run until ten thousand steps for further investigation. In Fig. 7 , with c 2 = 3.32929 × 10 −7 m 2 s −2 and h = 1.5d, the final velocity contours are plotted for different formulations and each of them is found to be in agreement with that of FEM [5] . The maximum flow velocities involved are around 1 × 10 −4 m s −1 , which correspond to Reynolds numbers (Re) around 2 by replacing W with a in Eq. (18). When h gets smaller to 1.2d and 0.75d, deviations are observed for each formulation. However, as Fig. 8 indicates, the discrepancy of the results from ASPH and NSPH are discriminably less pronounced. Furthermore, ASPH and NSPH are less sensitive to sound speed, as shown in Fig. 9 where c 2 increases to 3.32929 × 10 −6 m 2 s −2 and 6.65858 × 10 −6 m 2 s −2 with a fixed h of 1.5d.
Conclusions
Though standard symmetric formulation of the pressure gradient is quite popular for SPH, they are found, in the mentioned cases at least, to be less accurate and less robust for (quasi-)incompressible flows. Comparative simulations on plane Poiseuille flows at very low Reynolds numbers show that the results using symmetric formulations are more dependent on the computational sound speed chosen. Though the error introduced by each method is amplified when the sound speed increases, the deterioration of the symmetric formulation is much more significant than when using asymmetric formulation. Asymmetric formulation is also less sensitive to both decreasing smoothing length and increasing sound speed in simulating flows past a periodic lattice of cylinders.
As a preliminary explanation, we notice that for (quasi-)incompressible flows, the original term (A) and the additional term (B) to symmetrize A are comparable in magnitudes, and the simulation results suggest that B can amplify, rather than compensate, the numerical error of the A. That means, momentum conservation for the standard symmetric formulation is sometimes at the price of higher numerical error. Moreover, as c 2 should be kept high for (quasi-)incompressible flow, this error is heavily weighted over the viscous term. On the contrary, by proper symmetrization of our asymmetric formulation, momentum conservation can be restored without notable deterioration in accuracy under those conditions. Anyway, two more choices (ASPH and NSPH) have come into our consideration for simulating incompressible flow with SPH. Besides SPH, other particle methods such as Macro-scale pseudo-particle modeling [12, 13] and moving-particle semi-implicit method [14] also use similar formulations to discretize hydrodynamic equations, where this numerical test may be carried out to find out whether this symmetry issue also exists.
